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1. Why HDG for incompressible
flow?
 Brief introduction
* Comparison with CG

(Results from the PhD thesis of
Mahendra Paipuri IST-UPC)

2. HDG formulation for Stokes
* Derivation of the weak form
» Discretization, linear system

(0L. L, )Q,~ + (div oL, wy, )

- Matlab implementation -« o),

+ (Ouw, (w,, @u,,)n+,—(u,,—u,7))m — (0w, f) =
. « 0% T)qg, =
+ (/)/I. uy - 7l)5_(_){v =0,

— (0L, Up)oa, = 0,

+ (dw, div (—p L, +onl))g

— (grad dp, wuy, )_Q

1
(9% vn-1)oq, = p,.
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ADG Tor INCOMPRESSIBLE FLOW

[Cockburn, Nguyen & Peraire, JSC 2010]
._IIVA_._H%

—V-wVu)+Vp=f in{2 7
V-u=0 1n{ ! inme
u=wup OonoaofN 4 I 0/4

= Local problems: ’7"—o—o7/"—~
L—Vu=0, V-(—vL+pl)=f and V-u =0 inK;
u :@ on 0K
Dirichlet problem in each 1 K
element K; with data G and p; K| /K pdV :
¢ i

= Global equations: conservativity, well-posedness and BC

[(—vL +plI) - n] =0 onr\c‘m/ i-ndS—=0 fori=1 ... 1
oK ;

Nea

—=up ondN and ) |Kilp; = |2|pa
1=1
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1.

RDG TOr INC

—V.-(wVu)+Vp=Ff
V.-u=0

Global problem: involves only
e, velocity trace

element

Element-by-element
postprocess (local problem)

f&pK—>’u,KpK

p: mean of the
pressure in each

Cal ¥ Cagll C oy

ompressiole rlow

)
B

"t
1

Ko Q)
SNNTETS /aKp
oy p
U
J9,

DG summer shool 2017 4



100 [

200

300

400

500 £

U

p

>o

. HDG
Y

e e

100

200

300

400

500

(a) Sparsity pattern of HDG, DOFs = 511, nnz = 1830.
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(b) Sparsity pattern of CG, DOFs = 530, nnz = 3580.

Sparsity pattern HDG (P,) and CG (P, P,.,)
for a regular mesh with degree k=3
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Lount orf DOFS
= Same hypotheses as [Huerta, Angeloski, Roca and Peraire, [JINME 2013]
for number of geometrical entities in terms of number of elements

= HDG with degree k, CG with Taylor-Hood k-(k-1)
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But... different convergence rates... :-/
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Kowasznay flow: velocity

log(”eu”cz)
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Kowasznay flow: pressure
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count or DOFS for same converge r

s
N
(1

= HDG with degree k-1, CG with Taylor-Hood k-(k-1)
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= But... which one is more efficient in terms of CPU time and

accuracy?
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Kowasznay flow: CPU time for linear solver
v.S. velocity error

—4 I I I —4 T I I
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‘ Kowasznay flow: ratio of CPU time for linear
solver v.s. velocity error

1 1 | I l
= = Ratio below 1.
= 08 f 1 Eo8f HDG is more |
1 I efficient than CG
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STABILITY in the presence of sharp fronts

= HDG solution of the Navier-Stokes equations (Re=2000, k=3)

Relative residual
=
X
|

— szu + Vp + V' @Iﬂi al e f 1[5 210
V-u =0 | iterations
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STABILITY in the presence of sharp fronts

= HDG solution, Navier-Stokes equations (Re=11100, k=3)

| |

HDG
- Navier-Stokes

CG

_ Oseen

No convergence
~ for NS

Degree
i Method 3 p—

CG Re = 1870 Re = 8300
T =1, Re = 2250 T =1, Re = 2450
HDG 7 =100, Re = 8000 | 7 =100, Re = 9100
7 = 500, Re = 11100 | 7 = 500, Re = 15400
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@)

conciusions HDG vs CG

= HDG has similar (or better) computational
efficiency compared to CG, outperforming other gesss —sssee

DG methods: o / \.

- #DOF slightly larger than CG for Laplace N © /
« more DOF for velocity and less for pressure for " .
incompressible flow f,\./.
and - - == === =

* superconvergence, better accuracy

* nice block structure of matrices, convenient for
direct solvers

= HDG inherits DG stability properties in the
presence of sharp fronts.

DG summer shool 2017 15



r‘“
—

DUTLIN

1. Why HDG for incompressible
flow?

 Brief introduction
* Comparison with CG

2. HDG formulation for
Stokes
* Derivation of the weak form
» Discretization, linear system

k \r\';f

1 Matlab Im plementatlon (%% L o, + (AiVOL, wy, Jo, — (0L, Uh)lr?!)r = 0, S —

— (grad du., uy & w,, Jo, + (0w, div (—p L, + pud))
2,

7 (’).u- (d/, ®22;,)n + T(U/I

\ —))oq, — (du, f), —
— (8rad dp, w,, )!?p + (Op, @y, - )50 =0 -

1
[T)e/ (n1)sg, = L.
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ADG Tor INCOMPRESSIBLE FLOW

[Cockburn, Nguyen & Peraire, JSC 2010]
._IIVA_._H%

—V-wVu)+Vp=f in{2 7
V-u=0 1n{ ! inme
u=wup OonoaofN 4 I 0/4

= Local problems: ’7"—o—o7/"—~
L—Vu=0, V-(—vL+pl)=f and V-u =0 inK;
u :@ on 0K
Dirichlet problem in each 1 K
element K; with data G and p; K| /K pdV :
¢ i

= Global equations: conservativity, well-posedness and BC

[(—vL +plI) - n] =0 onr\c‘m/ i-ndS—=0 fori=1 ... 1
oK ;

Nea

—=up ondN and ) |Kilp; = |2|pa
1=1
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Local probiem: weak rorm

= Dirichlet problem in each element

L—-—Vu=0, V.-(—vL+pl)=f and V-u =0 inK;
u—=u onodkKj;

1 L3
o = / pdV = p,
= Weak form: given 0 and p;, K| J K,
find u, L and p such that

/ (=V - (vLp) + Vpp) -vdV + / Tv(up —up) -vdS = / f-vdV

K;

/ Lh:Q(lV+/ (V-Q)-uth—/ (Q-mn)-updS =0
K K oK,
/ uh-quV—/ (up, -n)gdS =0
Ki 8Kz
1 pn dV = pi. L=L+7(u—u)®@n

forallv, Qandq il Joxk,
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LOCal prooiem: discretization

= Linear system in each element with a Lagrange multiplier A

'A;Lj,u A;JLL A,Zup 0 'ui‘ —fIiL— 0] —Ail,”u\,— ) X
; z 0 0 i i i ut
Lu ALL L £ 0 (.

0 0 A, O A] |0o] [1 0 | ]

= | ocal solver

— ,I:-

u ﬁFu
L :
~|= [localSolverMat] | . |+ [localSolverVec]
pz u n
A\ _ Pi
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Glooal provlem: weax form

A1 [(—vL +pl)-n] =0 onI'\0S2

#2/8K’f1,-nd520 fori =1,...,ne1

1

Nel

#3 w = up on df2 and Z|Kz-|p7; = |2|pn
i=1

= Weak form equation #1 [G] = @L(f) + @R(f)
/ v - [(—vLyp, + ppl) - n] dS @) = (@L<f> + @R(y))
r
- 2/ ({vrup} — {vrtlup) dS =10

or equivalent expression as sum in elements...
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Global probiem: discretization

= Equation
fiL L fLy L fiL L
ALEul ) 4 ALLLED) 4 ALLpLO)
R R f\RyR f.R_R fo~f
+ALEWBD p ALELRD 4 ALERRD AL af =

f

replacing the local solver... leads to an equation with only 0!
for the 5 faces, and the mean of the pressure in the two

elements, p-" and pR®.

= Equation #2 . B o
on each element | /c‘9Ki up-ndS =0 fori=1,... Ne

_ﬁFil-
Apa . |=0 fori=1,... ne
uzn
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Impiementation (similar to Laplace)
= Loop in elements K

- Computation of elemental matrices (volume integrals and face

integrals): A, Ay ---
« Computation of local solver: [localSolverMat] and [localSolverVec]
such that
S S
¢ | =[localSolverMat]| . |+ [localSolverVec]
pZ aF'in
| A Pi
« Computation of elemental matrix and vector
K' =|[Ag, AgL Agpl’[localSolverMat] + [Ag,,0]
A 0
fi = A Ag Ay l*llocalSolverVec] |and assembly in the 3 faces
0 (with flipping)

DG summer shool 2017 22



= Modification of the system to impose Dirichlet boundary
conditions

= Solution of the system
= Computation of superconvergent velocity
= Postprocess

Remarks:

= L2 projection of the Dirichlet data, otherwise superconvergent
solution with order only hk+1-5

= The superconvergent solution can be computed as for
Laplace or with a formulation that takes into account
Incompressibility
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